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T
essellations composed of regular poly-
gons that completely tile the two-
dimensional Euclidean plane have

been studied since ancient times due to
their mathematics and visually attractive
symmetries.1 Johannes Kepler identified
11 plane-filling tilings known as the
Archimedian tilings (ATs),2 which can be
divided into two groups, namely, regular
(Figure 1a,d,g) and semiregular tilings
(Figure 1j�q) made from regular polygons.
The regular tilings are characterized by the
ability to map flags (tuples of mutually
incident vertices, edges, and tiles) via

tiling-related group symmetry actions
(flag-transitivity), while the remaining
semiregular tilings are expanded with a
more relaxed symmetry in mapping vertex
pairs to each other by an acting group
symmetry pertaining to the tiling (vertex-
transitivity).1

Various materials on multiple length
scales are known to form the ATs, which
exhibit striking photonic3 and diffusive

properties.4 The (4.6.12) and (32.4.3.4) ATs
possess complete photonic band gaps.3

Regular and semiregular tilings are com-
monly observed in bulk solids, polymeric as-
semblies, and nanomaterials. Archimedean
crystalline nets such as in Al203 (63) and
CuAl2 (32.4.3.4) describe the coordination
polyhedra in various crystals of complex
alloys.5 The more complex semiregular til-
ings have been observed in the bulk struc-
ture of metallic alloys6 and supramolecular
interfacial tessellations.7,8 Manifestations
of regular and semiregular tilings have
been observed in liquid crystal9 (T-shaped
molecules) and polymer systems10 (ABC star
branched polymers) and in systems of pat-
chy nanocrystals.11 The self-assembly of
polystyrene spheres in the presence of a
decagonal quasicrystalline substrate has
been shown to self-assemble the (33.42)
and (36) ATs.12 Patchy triblock Janus colloids
self-assemble the (3.6.3.6) AT.13 Most of
those results represent the ATs in a vertex-
to-vertex representation where particle
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ABSTRACT Considerable progress in the synthesis of anisotropic patchy

nanoplates (nanoplatelets) promises a rich variety of highly ordered two-

dimensional superlattices. Recent experiments of superlattices assembled from

nanoplates confirm the accessibility of exotic phases and motivate the need for a

better understanding of the underlying self-assembly mechanisms. Here, we

present experimentally accessible, rational design rules for the self-assembly of

the Archimedean tilings from polygonal nanoplates. The Archimedean tilings

represent a model set of target patterns that (i) contain both simple and complex

patterns, (ii) are comprised of simple regular shapes, and (iii) contain patterns with potentially interesting materials properties. Via Monte Carlo

simulations, we propose a set of design rules with general applicability to one- and two-component systems of polygons. These design rules, specified by

increasing levels of patchiness, correspond to a reduced set of anisotropy dimensions for robust self-assembly of the Archimedean tilings. We show for

which tilings entropic patches alone are sufficient for assembly and when short-range enthalpic interactions are required. For the latter, we show how

patchy these interactions should be for optimal yield. This study provides a minimal set of guidelines for the design of anisostropic patchy particles that can

self-assemble all 11 Archimedean tilings.
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centers are placed at the vertices of the polygons in the
tiling. The diversity of nanoscopic and microscopic
components that assemble ATs motivates a need to
understand the minimal design rules needed for the
assembly of these tilings, in particular from readily
accessible 2D nanoplates.
Anisotropic 2D nanoplates are known to have inter-

esting electronic,14 catalytic,15 and optical16 properties
and have been shown to successfully form exotic
superlattices via a subtle balance between shape-
induced entropic patchiness17 and ligand-induced

enthalpic patchiness.18,19 2D assemblies of nanoplates
could be used in thin film electronics.20 Also, 2D
assemblies of perovskite nanoparticles, such as PbTiO3

nanoplates,21 have interesting ferroelectric and sto-
rage properties.22 Given their polygonal shape, faceted
nanoplates could potentially self-assemble the ATs.
Although assemblies of ATs from polygonal nano-
plates have been reported in experiments,23�33 they
are restricted to the regular ATs (those composed of a
single type of tile) (Figure 2). Because faceted nano-
plates can exploit both entropic and enthalpic patchy
interactions, they represent a viable approach that
could reduce the complexity of the design rules for
self-assembly of elusive irregular and porous tilings,
when compared to the vertex-to-vertex approach.
Numerical simulations have also predicted the self-

assembly of the Archimedean tilings. For spherical
particles, simulations of patchy particles34,35 reported
the self-assembly of all ATs except for the (3.6.3.6) AT.
Ditethered nanospheres36 formed the (4.82) and (63)
ATs. Lock and key colloids37 and hard polyhedra38,39

formed the (32.4.3.4) and (63) ATs, respectively. Despite
these studies, numerical simulations have neglected
the commonly synthesized polygonal nanoplates as a
means of AT self-assembly.
Here, we report the minimal set of interactions

needed to self-assemble experimentally accessible
ATs from regular polygons, mimicking nanoplates
assembled into crystalline monolayers (Figure 1). We
show through Monte Carlo simulations the self-assem-
bly of these tilings by exploiting entropic and enthalpic
interactions encoded in the shape of the polygons. We
arrive at a design strategy for patchy polygon particles
that is accessible to current experimental techniques
and present theminimal set of design rules for each AT.
We report that four ATs, namely, the (63), (36), (44), and
(3.122) tilings, can be assembled solely with hard
interactions, highlighting the role of directional entro-
pic forces39,40 that arise from the particle shape.

Figure 2. Schematic indicating the shape-specific interac-
tions between nanoplates used for the shape-selective
interaction case. (Left) Each shape is surrounded by a soft
shell, which represents the rangeof the enthalpically patchy
interaction. The interaction between the nanoplates is
edge-to-edge and short-ranged and depends on the dis-
tance shift d ), the normal distance d^, and angle (θ) between
theedges. (Right) Schematic forhexagon�hexagon,hexagon�
triangle, and triangle�triangle interaction, showing the
selectivity of the patchy interaction.

Figure 1. The 11 space-filling Archimedean tilings and
published images of representative assemblies of the trian-
gular (36), square (44), and hexagonal (63) AT tilings. Regular
tilings: (a) square (44), (d) triangular (36), and (g) hexagonal
(63). The experimental images of the regular tilings are (b)
(44) β-NaYF4 AT,27 (c) NaYF4: Yb/Er (4

4) AT,27 (e) LaF3 (36)
AT,32 (f) Cu2�xSe (36) AT,28 (h) Cu2�xSe (63) AT,28 and (i)
β-NaYF4 (6

3) AT.27 Semiregular tilings: (j) truncated hexago-
nal (3.122), (k) truncated square (4.82), (l) rhombitrihexago-
nal (3.4.6.4), (m) snub square (32.4.3.4), (n) trihexagonal (or
kagome) (3.6.3.6), (o) snub hexagonal (34.6), (p) elongated
triangular (33.42), and (q) truncated trihexagonal (4.6.12)
tilings, which comprise the entire family of Archimedean
tilings. In our simulations we consider colored and white
polygons as hard nanoplatelets and pores, respectively.
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We quantify the strength of these entropic patches17

by calculating the potential of mean force and torque
using free energy calculations.40 Symmetric enthalpic
patches ((4.82)), shape-specific patches ((32.4.3.4),
(3.4.6.4), (3.6.3.6)), and edge-specific patches ((33.42),
(34.6), (4.6.12)) are needed to self-assemble the remain-
ing crystalline structures. Beyond the ATs, the design
rules presented provide general insight into the design
of complex crystal structures using anisotropic build-
ing blocks.

MODEL AND APPROACH

Each nanoplate is modeled as a hard convex regular
polygon with a finite number of edges, N = 3, 4, 6, 8,
and 12. In the first model;that of least complexity;
no additional interactions are included. Initially, we
find those ATs ((33), (44), (63), (3.122)) that can be
assembled by entropic forces alone. In all cases, shape
anisotropy gives rise to entropic patchiness that
emerges upon crowding and is density dependent.40

For the remaining ATs, we introduce a short-range
attractive edge-to-edge interaction potential. The in-
teraction potential is divided into parallel, perpendi-
cular, and angular components (Figure 2). The parallel
component represents the amount of parallel contact
between interacting edges. The perpendicular compo-
nent models the commonly observed attractive
van der Waals force between ligand-capped nano-
crystals,41�43 depends on the distance between cen-
ters of edges, and is approximated by a parabolic well.
The angular component penalizes any misalignment
between neighboring nanoplates representing steric
forces between ligand shells. A halo drawn around the
building block represents the interaction range of the
edge�edge pair potential (Figure 2). Different colors
represent different interaction strengths between
edges. These enthalpic patches act as reversible, direc-
tional, “sticky” bonds that compete or combine with
entropic patches. The justification of such a short-
range potential in a nanoplate system is based on
the presence of adsorbed ligands (e.g., oleic acid
molecules).18,44

The complexity of the edge-to-edge interactions is
determined by the targeted AT. We use three enthalpic
models of increasing complexity for the assembly of
the remaining ATs: symmetric, shape-specific, and
edge-specific. The first enthalpic model treats the
pairwise interaction between polygons as patches of
equal strength distributed over all edges. The second
enthalpic model (“shape-specific”), which is a modifi-
cation of the previous model, tunes the interaction
strength between patches of dissimilar polygons for
those ATs composed of binary tile mixtures. The third
enthalpic model (“edge-specific”) further increases
the interaction complexity and determines the inter-
action strength based on the type of edges even for
similarly shaped particles. To quantify the interaction

asymmetry between different edges, we introduce the
parameter σ. The σ values reported are the minimum
asymmetry needed to assemble the target ATs. For
each AT tiling, we find a favorable thermodynamic
state point for self-assembly of the building block.

RESULTS

We present our findings in four categories based on
the four types of interaction sets needed to assemble
the Archimedean tilings: (i) entropic, (ii) symmetric, (iii)
shape-specific, and (iv) edge-specific enthalpic inter-
actions. All ATs can be self-assembled with these four
interaction approaches. The results are summarized in
Figures 3 and 8.

i. Entropic Interactions. Directional entropic forces
arising from shape entropy, or a drive to local dense
packing, are an entropic strategy to self-assemble the
Archimedean tilings.17,37,42�46 In our studies, by chan-
ging the number of vertices of the building block,
regular polygons are shown to self-assemble four of
the ATs.

Regular triangles and squares form the (36) and (44)
ATs, respectively (Figure S1a,b). Insets show the regular
polygon building block and a close-up of the assembly.
The accompanying diffraction patterns show sharp
peaks in hexagonal and square reciprocal lattices for
triangles and squares, respectively, as a manifestation
of long-range order. The small number of defects
highlights the robustness of the assembly of both
regular triangular and square tilings. However, there
exists a collection of crystalline structures that differ
from the triangle and square ATs solely by a shift vector
along the lattice axes. Although at infinite pressure all
of these tilings belong to a thermodynamically stable
degenerate set with equal probability for self-assem-
bly, we observe that at finite pressures the (36) and (44)
ATs are the equilibrium configurations. Previous work
has also shown that the equilibrium structures of hard
triangles and squares at high packing fractions are the
(36) and (44) ATs, respectively.47�49 Hard hexagons
readily form the (63) AT (Figure S1c) at finite pressures.
This is the unique infinite pressure (maximum density)
crystal structure for the regular hexagon due to shape
constraints.

All of the ATs are, by definition, space filling. How-
ever, by treating some tile types as pores, it is possible
to assemble somemultitile ATs with a single nanoplate
shape. An example of this is the (3.122) AT, which is
composed of dodecagons and triangles. We find that
regular dodecagons easily self-assemble into the trun-
cated hexagonal Archimedean tiling at finite pressures
without explicit triangle tiles, that is, treating the
triangles as pores in the tiling (Figure S1d). Notably,
this assembly is also the infinite pressure crystal for
hard dodecagons.50

To summarize the results thus far, for each of the
four (regular) ATs just discussed, entropy alone is
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sufficient to obtain the tiling via thermodynamic
self-assembly. This can be understood as follows. The
triangular and square lattice tilings require that its
constituents be edge-to-edge. From an entropic stand-
point, there are an infinite number of tilings by arbi-
trarily translating rows or columns of triangles and
squares. The self-assembly of edge�edge ATs at finite
density implies that there is a free energy difference
between aligned and misaligned states. Free energy
calculations were performed to quantify the effect of
alignment on the free energy. The effects of density
and shapewere explored (Figure 4a,b). For dense fluids
of hard triangles (Figure 4a,b), there is a free energy
difference between the aligned and misaligned state
of 1.2kBT. Above and near the crystallization packing
fraction (F = 0.75) the free energy difference increases
to 2.5kBT. The increase in free energy at high packing
fraction penalizes misalignments and drives the sys-
tem to the (36) AT. On the other hand, the degree of
faceting has an inverse effect on the free energy. As the
number of facets increases, a polygon behaves more
like a disk. Indeed we observe that the directional
entropic forces lose directionality for increased facet-
ing. Directional entropic forces weaken considerably

with the number of facets since they arise from a drive
toward dense local packing, and the local packing
becomes less dense as the number of facets
increases.17 For example, the hard triangle has an
entropic penalty of 2.5kBT for misalignment, whereas
at the same density the dodecagon has an entropic
penalty of only 0.3kBT. For the ATs with degenerate
ground states, such as the (36) and (44) ATs, directional
entropic forces explain the preferential edge�edge
alignment of the assemblies. They also explain the
thermodynamic stability of the (3.123) and (63) Archi-
medean tiling at finite packing fractions. As a final note,
we observed that the inclusion of attractive patchy
interactions does not inhibit the formation of any of
these four ATs.

ii. Symmetric Enthalpic Interactions. We find that entro-
py alone is insufficient to assemble the remaining ATs,
and enthalpic interactions must be included. In these
cases, enthalpy biases the free energy to promote
edge�edge binding and can stabilize open structures
that would not be possible with purely entropic forces.

Like the (3.123) AT, the (4.82) AT can be most easily
assembled using only octagons and treating the
square tiles as pores. However, because hard octagons

Figure 3. Flow diagram representing the design process for the ATs. The paths show how to self-assemble the ATs. Hard
interactions are for assemblies that coincide with their densest packings in single-component systems. Shape-specific
patches are for mixtures with lines of alternating building blocks. Mixtures with complex bond networks need edge-
specific patches. The two rightmost columns show the state-of-the-art in particle synthesis and self-assembly for each
corresponding AT.
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favor a hexagonal crystal structure (Figure 5a), attrac-
tion between nanoplate edges is required to stabilize
the AT. The hexagonal crystal structure has misaligned
edge�edge bondswith an entropic penalty of∼0.5kBT
per edge at F g 0.8. The two barriers to entropic
self-assembly of the (4.82) AT with hard octagons are
packing constraints and the coordination of this semi-
regular tiling. At F g 0.8284, the (4.82) AT cannot self-
assemble due to particle overlaps. At lower packing
fractions, the free energy penalty for misalignment is
∼0.2kBT. Two-thirds of the edge�edge octagons are
50% misaligned, while the remaining bonds are
aligned in the hexagonal crystal structure. The hexa-
gonal crystal structure exhibits a higher coordination
(six nearest neighbor bonds) as compared to the
truncated square AT (four nearest neighbor bonds),
which compensates for the entropic penalty due
to misalignments. The partial misalignments of the
hexagonal crystal structure are entropically favored
to the aligned edge�edge bonds of the (4.82) Archi-
medean tiling due to the effect of coordination and
packing constraints. In simple terms, the ideal (4.82)
Archimedean crystalline structure with regular octa-
gons has a packing fraction of 0.8284. This value is
below the maximum packing fraction of hard regular
octagons, which tend to form the hexagonal structure.

Consequently, we anticipate attractive interactions are
needed to stabilize the (4.82) AT. Indeed, by adding
short-ranged attractive patches of strength ε to each
edge of the octagon, we find the (4.82) AT robustly self-
assembles (Figure 5b). Binarymixtures of octagons and
squares with attractive patches also form this semire-
gular AT (Figure 5c). It is interesting to note that the AT
forms without the perfect stoichiometric ratio of tiles.
The excess squares form the (44) AT. This result is im-
portant because experiments will not be constrained
by stoichiometry in seeking the (4.82) AT (Figure 5c).

iii. Shape-Specific Enthalpic Interactions. The five ATs
studied thus far were each assembled using a single
tile shape, even when multiple tiles technically com-
pose the tiling and one of the tile shapes is considered
a pore. The remaining six ATs all require a minimum of
two tile shapes. Of these, three;(32.4.3.4), (3.4.6.4),
and (3.6.3.6);require shape-specific interactions
(Figure 6b,e,h, respectively). As defined previously,
shape specificity implies that the interaction between
dissimilar;rather than similar;species is favored, an
asymmetry recently observed in rod�sphere shape
alloys.44

The two insets of each panel in Figure 6 highlight
the matching rules between polygons and the
corresponding diffraction pattern of the assembly.

Figure 4. (a) Effective free energy difference between different configurations of hard triangles as a function of density. (b)
Effect of shape on the effective free energy difference at fixed density. The free energy difference is shown as a function of
misalignment factor f, which quantifies the edge�edge coverage between two pairs of anisotropic particles. In (a), the free
energy gain for edge�edge alignment in triangles is 1.2kBT, 1.2kBT, 1.5kBT, and 1.8kBT at density fractions 0.5, 0.6, 0.7, and 0.8,
respectively. In (b), the free energy gain for edge�edge alignment at packing fraction 0.8 is 2.5kBT for triangles, 1.1kBT for
square, 0.6kBT for hexagons, and 0.2kBT for dodecagons (b).

Figure 5. Hard vs symmetrically attractive octagons. (a) Hard octagons (upper-left inset) assemble into a hexagonal crystal
structure. (b) Symmetric attractive octagons (upper-right inset) form the defect-free (4.82) ATwhere the squares are treated as
pores. Both snapshots are accompaniedby adiffractionpattern showing long-rangeorder. (C) Truncated square tiling formed
fromoctagons and squareswith symmetric attractive interactions in a 1:2mixture ratio. Excess squares formed the (44) square
tiling upon further annealing.
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The matching rules show all combinations of building
blocks and the strength of each edge�edge interac-
tion for all interaction pairs. The interaction strength (ε)
is visualized by the color of the halo around the
building block, where red is weak and green is strong.
The strength of the strong interaction depends on the
targeted AT, as discussed below.

Binary mixtures of symmetric attractive polygons
demixor formdisorderedaggregates (Figure 6a, d andg).
Square�triangle mixtures with symmetric interactions
tend to be disordered at intermediate densities because
the difference in the free energies of the demixed (pure
square and pure triangle) phase vs the mixed phase is
small (Figure 6a). In contrast, hexagon�square and
hexagon�triangle mixtures with symmetric interac-
tions demix at intermediate densities (Figures 6d,g
and 7). Symmetrically attractive mixtures of regular
hexagons and triangles using the stoichiometry of
the (3.6.3.6) AT demix and form, as coexisting phases,
the 36 and 63 ATs (Figure 6g). Similarly, symmetrically
attractive mixtures of the rhombitrihexagonal (3.4.6.4)
AT demix into pure hexagonal and square ATs

(Figure 6d). This natural trend to demixing is also
observed in mixtures of hard polygons of the same

Figure 6. Representative snapshots of the design process for the (32.4.3.4), (3.4.6.4), (3.6.3.6), (33.42), (34.6), and (4.6.12) ATs.
Insets show the design rules and a diffraction pattern. A red halo implies a weakly attractive interaction, while a green halo
implies a strong attractive interaction. Left column panels show symmetrically attractive mixtures of (a) square�triangle, (d)
square�hexagon, and (g) triangle�hexagon mixtures. Center column panels correspond to the mixtures in the left column
with shape-specific patches that readily self-assemble (b) the (32.4.3.4), (e) (3.4.6.4), and (h) (3.6.3.6) ATs. Right column panels
show shape-specific attractive square�triangle, hexagon�square, and hexagon�triangle mixtures that self-assemble the (c)
(33.42), (f) (4.6.12), and (i) (34.6) ATs, respectively.

Figure 7. Phase diagram of packing fraction vs interaction
asymmetry σ for hexagon�triangle mixtures. Symbols re-
present simulation data points for different asymmetry
interaction (shape-specific attraction) and packing fraction
values. Each data point represents either the predominantly
or always observed phase upon slow annealing (107 time
steps) in multiple parallel (five or more) simulations for a
given density and interaction asymmetry with systems of
1000 particles.
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shapes. In the presence of symmetric attractions, we
observe a hierarchy of freezing temperatures. Below
but close to the first freezing temperature, the poly-
gons with the most edges crystallize first since these
polygons possess more enthalpic bonds (higher crystal
coordination), while the less faceted polygons remain
in a liquid phase. Further cooling to the second freez-
ing temperature leads to the crystallization of the
smaller polygons. As the difference in the number of
enthalpic edges of both particles increases, so does the
separation between these two freezing temperatures.
Thus for square�triangle mixtures the difference is
small, leading to disorder. For hexagon�triangle and
hexagon�square mixtures the difference between
melting temperatures increases ((T1 � T2)/T1 ≈ 0.2,
where T1 and T2 are the first and second freezing
temperatures), leading to complete bulk demixing.

By biasing the opposite shape interaction (hexagon�
triangle, square�triangle, hexagon�square) using shape-
specific interactions, the (32.4.3.4), (3.6.3.6), and
(3.4.6.4) ATs will self-assemble (Figure 6b,e,h). The
(3.4.6.4) tiling was self-assembled as a binary mixture
because the ternary mixture matching rules are more
complex. Thus, a pore acts as the triangle tile in this
patchy polygon design. The minimum asymmetry σ in
the interaction strength to self-assemble the (32.4.3.4),
(3.6.3.6), and (3.4.6.4) ATs is 1.3ε, 1.3ε, and 1.5ε,
respectively.

Changing σ affects the phase behavior, as shown in
Figure 7, where we present the phase diagram of
hexagon�triangle systems based on σ and density.
This mixture shows rich phase behavior characterized
by the formation of a (bulk) demixed phase, the
targeted trihexagonal AT, and a coexistence region
between these two phases. As previously discussed,
symmetric mixtures (σ = 1ε) demix fully. Small pertur-
bations from symmetric mixtures yield the same re-
sults. However, for a particular range of interaction
asymmetry (1.1ε < σ < 1.25ε), coexistence between the
targeted trihexagonal AT and the completely demixed
phase appears for certain densities, indicating the
possibility that the trihexagonal AT could be observed
at slightly higher densities. Indeed, we observe the
trihexagonal AT at packing fractions of ∼0.725. The
coexistence region is characterized by three successive
melting stages upon slow cooling. At high tempera-
ture, shapes with more edges (hexagons) crystallize,
while shapes with lower edges (triangles) form a wet-
ting liquid. Further annealing to lower T leads to the
formation of the ATs because they are the ground state
at low temperature. Finally, excess triangles excluded
from the AT crystallize into the 36 AT. Further increase
in interaction asymmetry (σ g 1.25ε) stabilizes the
targeted AT at low and high density, implying that
shape-specific interactions can overcome the trend
toward demixing at intermediate and lower densities
(Figure 7). At packing fractions of g0.8, disordered

arrangements are formed regardless of interaction
asymmetry. Hexagon�square and square�triangle
mixtures exhibit a similar rich phase behavior, with
the exception that square�triangle mixtures form a
single disordered phase instead of (bulk) demixed
phases (Figures 6a and 8).

iv. Edge-Specific Enthalpic Interactions. In the previous
section, shape-specific interactions of triangle�square,
hexagon�square, and hexagon�triangle shape alloys
were shown to self-assemble the (32.4.3.4), (3.4.6.4),
and (3.6.3.6) ATs. The mixtures that self-assemble the
(32.4.3.4), (3.4.6.4), and (3.6.3.6) ATs have a similar
mixing ratio as the (33.42), (34.6), and (4.6.12) ATs. The
mixing ratio for the (34.6) AT (triangle-to-hexagon 8:1)
is greater than that of the (3.6.3.6) tiling. For a triangle-
to-hexagon 8:1 mixture ratio, we observe coexistence
between the (3.6.3.6) tiling and a triangular tiling
formed by excess triangles (Figure 8). The demixing
observed between excess triangles and the self-
assembled (3.6.3.6) AT is similar to that observed
between excess squares and the (4.82) AT. As shown
before, shape-specific interactions for these mixtures
self-assemble the (32.4.3.4), (3.4.6.4), and (3.6.3.6) ATs
(Figure 6b,e,h).

Edge-specific patchy interactions increase the in-
teraction specificity. As previously mentioned (Model
and Approach section), edge-specific interactions are a
type of interaction in which each edge pair can have
unique interaction strength εij, where i and j corre-
spond to edge indices on different building blocks.
Edge-specific interactions allow the self-assembly of
complex crystalline structures and occur naturally in
crystalline nanoplates due to energetic differences
between different crystallographic edges.18

The minimal designs of the (33.42), (4.6.12), and
(34.6) AT are shown in Figure 6 c, f and i. In the case
of the elongated triangular AT, self-assembly requires
strong attraction between opposite edges of the
square and one edge of the triangle and a stronger
attraction between the edges that do not attract
triangles. The edge pair of the triangles that do not
attach preferentially to squares interact strongly. The
assembly in Figure 6c requires a strong interaction
asymmetry of σ = 1.2ε (green edges). The design biases
energetically the unit cells of the (33) AT. The minimal
design for the (4.6.12) Archimedean tiling requires
strong attraction (σ= 1.25ε) between alternating edges
of hexagon and squares. The remaining edges of both
shapes are weakly attractive (inset in Figure 6f). Hexa-
gons and squares form rings, which is consistent with
the truncated hexagonal AT. The assembly is not free of
defects, and in some cases single or multiple polygons
are encircled by these rings (Figure 6f).

In the minimal design for the (34.6) Archimedean
tiling, all edges of the hexagon preferentially attach to
one specific edge on the triangles, the hexagon-to-
hexagon edge attraction is weak (σ = 1ε), and triangles
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preferentially attach to each other on edges that do not
preferentially attract hexagon edges (Figure 6i). By
making the hexagon preferentially attractive to one
side of the triangle, all edges of the hexagon become
saturated and the triangle�triangle interaction com-
pletes the tiling. For the assembly in Figure 6f, the
interaction asymmetry σ is 3ε. Due to the complexity of
this set of design rules, multiple point defects are
observed. This AT is chiral; however no bias toward
either handiness was observed. Thus, to form the snub
hexagonal AT with a targeted chirality, further com-
plexity in polygon patchiness is needed.

DISCUSSION

We approached the design of nanoplates to assem-
ble the Archimedean tilings by ascertaining the sim-
plest set of interactions yielding the desired tiling. The
multistep design process summarized on the left-hand
side in Figure 3 uses information about the target tiling
and building block. We first minimize the number of
building blocks to self-assemble the targeted tiling. For

the (3.122), (4.82), (3.4.6.4), and (4.6.12) ATs, one of the
polygonal tiles is replaced by a pore, and the resulting
tiling no longer fills space, but is instead “open” and
porous.
After selecting the building blocks, the design pro-

cess examined the constituent polygonal building
blocks and alters the interaction complexity by chan-
ging the specificity of interactions. The four models
ranked in terms of specificity are hard, symmetric
patches, shape-specific patches, and edge-specific
patches. Our design process reveals why for each AT a
certain degree of specificity is needed for self-assembly.
Initially, we test if entropic interactions are sufficient to
self-assemble each crystalline structure. If the infinite
pressure ground state is not the candidate crystal
structure, we find attractive interactions are needed
to self-assemble the crystalline structure (Figure 3).
Due to the highly symmetric polygons used to self-
assemble the ATs, we argue that an effective entropic
edge�edge interaction will stabilize these highly sym-
metric ground states. For crystal structures with one

Figure 8. Simulation results summary. The first column shows the polygons necessary for the assembly of ATs under the
design rules proposed. The remaining columns indicate the configurations observed with the different interaction sets.
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building block that are not the infinite pressure ground
state, symmetric attractive patches are sufficient for
assembly (Figure 3). For mixtures of building blocks,
the complexity of the crystal structure determines the
complexity of the interaction potential. Hard (entropic)
mixtures show a natural trend to partial demixing and
do not form crystalline monolayers with discrete sym-
metries. Symmetric attractive mixtures also demix,
with no indicative behavior toward the formation of
binary ATs at intermediate densities. We posit that the
hard mixtures segregate due to a depletion effect.51

Since hard and symmetrically attractive building
blocks demix, selective patchiness must be used to
overcome this natural trend (Figure 3). The local envi-
ronment for each polygonal tile in the target AT
determines the arrangement of patches. If an alternat-
ing building block crystal structure is present, shape-
specific patches are sufficient to design the crystalline
structure (Figure 3). An alternate building block struc-
ture is a binarymixture inwhich the large polygonal tile
is surrounded by the small tile, and the small tile has at
most one bondwith another small tile. If the crystalline
structure for a mixture of building blocks does not
contain the alternating building block property, it is
necessary to use edge-specific interactions. The assem-
bly complexity of the building block and crystal struc-
ture provides the necessary information to self-
assemble the AT.
The description of minimal design rules for self-

assembly is related to tiling models in computer
science and mathematical descriptions of graph con-
nectivity. The general complexity of edge connectivity
problems is known to beNPhard,52 whichweakens the
attractiveness of an algorithmic approach to the devel-
opment of design rules for crystal structures. Mathe-
matical work on the edge coloring of Archimedean
graphs53 does not provide sufficient information to
develop design rules for self-assembly. In effect, an
iterative, heuristic approach as described in this paper
is the best one can do to develop design rules for self-
assembly of tilings such as these.

CONCLUSION

Ascertaining assembly complexity is an essential
feature of our design strategy for mixtures of aniso-
tropic patchy particles. We ranked each AT from (36) to
the (4.6.12) in order of assembly complexity. Self-
assembly complexity is the complexity of the simplest

set of interactions and building blocks that self-
assemble the candidate crystal structure with a mini-
mal number of crystallographic defects (Figure 3).
We described the design strategy in a flow diagram
(Figure 3). The flow diagram describes the steps used
to design the interactions of the building blocks. To the
right of the design flow diagram, we overviewmaterial
systems54�69 that can form the anisotropic nanoplates
consistent with the ATs and material systems that self-
assemble23�33 ATs with nanoplates (Figure 1). The
entropically stabilized (36), (44), and (63) ATs have been
observed experimentally with polygonal tiles, but the
other Archimedean tilings remain elusive (Figures 1
and 3). To assemble these elusive ATs, nanoplates can
be covered with DNA.70�72 DNA-functionalized tiles
provide ameans of achieving the necessary interaction
specificity to assemble ATs. Also, we note that nano-
plates with different crystallographic edges can act as
effective patchy particles.18 We propose that edge-
specific nanoparticle patches can be synthesized by
exploiting the different attractive energies of the crys-
tallographic facets.19

The building block design process offers insight into
the necessary conditions to self-assemble crystals with
regular polygons (nanoplates). The design process has
led to important conclusions about shape and self-
assembly, summarized in Figure 8. With only entropy,
certain Archimedean tilings can self-assemble their
infinite pressure packings at intermediate packing
fractions. This finding reinforces the perspective on
an entropic “patch” as a driver for self-assembly.17 On
the other hand, for low-density packings symmetric
enthalpic patches are required. Binary mixtures of
regular shapes have a rich behavior that depends on
the type of interactions and geometry.We observe that
hard binary mixtures tend to be disordered when
mixed. By adding enthalpic patches, demixing occurs
if the difference between the coordination of the
polygons is large. This is confirmed by the observed
demixing of hexagon�square and hexagon�triangle
assemblies, whereas square�triangle mixtures are dis-
ordered. Shape-specific and edge-specific patches sta-
bilize the remaining semiregular tilings. Although
nanoplate patterning inspires the designs developed
in this work, these enthalpic design rules can also be
expanded to supramolecular systems, where particle
interactions are programmable and system dynamics
are faster.

METHODS

MC Simulations. Directional interactions were modeled by
storing matching rules in a hash table. The edge�edge match-
ing rules contain particle pair information to evaluate the
interaction potential. Each edge�edge matching rule contains
each particle type, two edges, and a well depth. To model a
short-range interaction, the range was set to 20% of the edge

length of the polygons. Ranges between 10% and 30% gave
similar results, with 20% providing optimal assembly propen-
sity. Thus, the interaction potential is a function of the two
closest edge pairs, the distance between the edges, the angle
between the edges, and the particle types.

For the purely entropic case, simulations are carried out
using an NPT MC algorithm. The pressure is slowly increased

A
RTIC

LE



MILLAN ET AL . VOL. 8 ’ NO. 3 ’ 2918–2928 ’ 2014

www.acsnano.org

2927

over time, and overlap checks are performed using the GJK
algorithm.72 For the three enthalpic models, NVT simulations
were performed using established Monte Carlo methods.18 The
number of particles was varied between 900 and 2000 to ensure
the absence of finite size effects. We equilibrate each simulation
by annealing each system for 107 time steps and also gathered
statistics for ∼107 time steps.
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